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Consider a polynomial spline C(¢) of degree # in the class C**(—o0, o0)
with its nodes at the integers and which satisfies

C(j) =38y (G =0, £L..). M

Such a spline is commonly referred to as a cardinal spline. If » is odd, then
C(r) exists provided the values of C™—1(¢) at the nodal points satisfy the
doubly-infinite system of linear equations
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where M; = C™1(j)(j =0, +1,...), the matrix entries C;(n) are given in [1],
7i is defined by 27 == n — 1,* and we let 2%) == 0 for k < 0 or k > 27. Under

* This work was supported by the Office of Naval Research, Contract Nonr 562(36)
with Brown University.

1 We assume throughout this discussion that 7 > 0. The case 7 = 0 is the piecewise
linear case and offers no difficulty. For an early investigation of the interpolation problem
defined by (1) and more general problems, see [4].
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CARDINAL SPLINES OF ODD DEGREE ON UNIFORM MESHES 428

these circumstances the quantities M; can be given explicitly and no other
spline satisfying (1) has a bounded (# — 1)-th derivative. These assertions
are an immediate consequence of the analysis contained in [1}.

Assuming for the moment that we have solved the system (2) for the
guantities M; , we then could exhibit C(r) explicitly by proceeding as follows:
Consider the related spline C(¢) defined on [0, =0) by

5 1 .
(“U):m(M1_“Mo)ln O <r <1},

o 1 :
C1) = = (My — M) 1% + = (My — 2M; + Mo)(t — 1)
" ' (1<r<2),

1 J
C(t) = —(M1 M) t* + 7 Z (Myyy — 2M, + A’I:c—l)(f — ky
k=1 \] ) T 1%

We now extend the definition of C(¢) to (—oc, o) by letting (f‘(r) = (=)
for ¢ <C 0. Qur definition of C(¢) is such that

Cm(r) = C™(r) {—oo <t << o) (43
or equivalently,
Ct)=CO) + P(t) (—oo <i< ), (5)

where P,(r) is a polynomial of degree n — I. In asserting that (4) is valid
on (—ooc, ) and not simply [0, co) we are using the fact that the matrix
in (2) is symmetric about the diagonal containing the entries Cy(n) and the
right hand member is symmetric about the entry —(%".

A straightforward procedure would be to determine P.(¢) from » inter-

polation conditions such as
Po() =38y —C() (=0 1,n—1) (&)

This, in fact, could be done with the result that the formula

) = nl, (My — Myt + ni, Y (M — 2Mg + Mg )t — K)Y -+ P(1)
' T k=t (7

would be completely determined and would define C(r) on the interval
[7,7 + 1] for any nonnegative integer j. The formula C(t) = C(—¢) would
then define C(¢) on the corresponding interval (—j — 1, —j).

Numerically, this is not eery satisfactory for large values of j since the
evaluation of the summation is time-consuming and inherently suffers from
rounding errors. Consequently, we modify our approach so as to obtain
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C(t) in a more compact form which sheds considerable light on its intrinsic
structure.
In the cubic case it is known [2, 3] that

COHO =G+ —-3A+Der4+1 (O<t<,

Ct) =3N[A + D —P— A+ -+ —)] @®)
G=<tr<j+L  j=12.),
where A= —2 -+ v/3. Since C(f) is an even function, the relation

C(t) = C(—) defines C(¢) on (—o0, 0). It follows from (8) that essentially
only two cubic arcs are needed to define C(¢) on [0, «0) and hence on
(—o0, o0): one for [0, 1] and one for [1, 2]. The arc for [j, j + 1] differs
from the arc for [1, 2] only in that £ — 1 is replaced by ¢t — jand arc equation
is multiplied by A’-1. We now seek to obtain the analogue of this result for
higher odd values of a.

We have already utilized the auxiliary spline C(¢) for which we have on
[0, c0) the representation

6@) = _nl‘ (M, — M)t + —nI, Y (Mysy — 2Mx + Mg )t — K)»
. P
O<j<t<j+D. O

Expanding (¢ — K)” by the binomial theorem and interchanging the order
of summation we obtain

Ct)= Y wytt O<j<t<j+1), (10)
i=0
where
i
oy = () ¥ (R (Mes — 2Me+ M) (I=0, Lyn 1),
nt \I/ &
11
1 J 1
Was =7 (M1 — My+ Y (Mg —2Mg + MK—1)) =1 (M — M;).
! = !
iSE
Using Eq. (5) and the fact [1] that
Mg = O(| r; [5), (12)

as K— oo where —1 <r; <0, it follows that lim,,, w; exists for
1 =0, 1,..., n. Moreover, since C(j) =0 for j > 0, the growth of the non-
constant terms of C(¢) must be offset by that of the nonconstant terms of
P.(1) as ¢ becomes infinite. As a consequence, if we let

Pa) = ¥, wit! 13
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then
@ = ey
1 /my & (4)
= — 1) B KM — 2Mx + M)
for I =1, 2,..., n. In particular,
Wy = i w0y = (ﬁiiT)T M, . (13)
Also, we observe that
w, = —lim w,; = 0; {16

PR

thus Eq. (16) is consistent with the fact that from earlier considerations
P,(t) is known to be of degree » — 1. Furthermore, since C(0) =1, the
constant term in P(¢) must be unity.

In view of the preceding discussion we are led to the representation

1. 1
C@r) = Pl (M; — My)t* + =1 Myt
1 n—2
—;TZ()Z( K" Mgy — 2Mg -+ Mgy tt+ 1
¢ I=1 K=1 (0 <f 1) {17’}

For0 <j<r<j+ 1 wehave

1
) = 27 (Mg — M) 1

o

‘lv_ z—: ( ) Y (—Ky"Y Mgy —2Mg + My}t 4 const

K=i+1
- n, (MJ+1 i) "
1
— Y (Mg — 2Mx + My 2 ( )( K)mit 4 const
K+4j=1
1
= [MJ'+1 M; + Z Mgy, —2Mg + ]‘[K—l)]
* K=j+1
1 o - n —I41
— = Y (Mg —2Mg -+ Mgy Y, (z) (—K)=it1 - const
] =0

1
= Z (MK+1 — ZMK —+ MK.—]_)(I - K)n -+ const

K=i+1
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We now express C(¢) in powers of £ — j. Thus, the constant term vanishes
and

13 : .
CO)= —-7 L My —2Mg+ Mx)(t —j— (K—j))" + const

* K=i+1

1 W n ! . .
— = Y (Mg —2Mx+ M) Y () (DK — e — )
* K=j+l1 =0 + const

— = 5 () [ B (e 200t M &=y~ =),

=j+1
Consequently, we have

n

C)= Y aplt —j)} O<j<t<j+1), (18)
=1
where
—1+1 1 (n - Pyn—1
ap = (== — ()Y (M — 2Mx+ M )K — )= (19)
. : K=j+1

In view of (12) the sums in (19) are convergent so that the coefficients
ay (=1, 2,..., n) are well-defined.?
From the analysis in [1] it follows that

A L 27
]‘/I——K = MK = pn! (__1)J+1 3 Va.
;g_ﬁ (n —{—J) itk
(20)
z 2 &
== ! J— +1 . —
n! ,-Z:ﬁ( 1) (ﬁ i k) Za Guinx  (K=0,1,2,.),
where
,.urf+l7‘+K| ~
Ay,i+K :m (w = 1’ 2’"_’ I’I) (21)

Here each r, is a nonzero root of the Hille polynomial P,(z, 1) interior
to the unit interval. With no loss in generality we assume r; << 154 << *** <Fy.
Now let

ﬁ . 27 £+Ij+KI
M) =nt ¥, (=1 (. i j) 7 ) 2

2 Since the quantities M; have not been specified up to this point, Eqs. (17)-(19) are
applicable to a much larger class of interpolation problems on (— o, o) than that defined
by (1).
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and let C,(t) be the spline defined by (17)-(19) with A, replaced by M {w)
except that on the interval [0, 1] we replace the constant term by 1/#. Thus,

C(r) = Y, Cu(t). (23)

w=1

It should be noted that in the sense that

i 1.
i) = = S,
Cw(_]) 7 07 »
the splines C,(¢) resemble cardinal splines. However, except for 11 = 1, they
are not in C*(—o0, o).
Suppose, now, that K > i1. Then,

2n (rw)r't+}'+K

Mi(w) = nt 3 (=1ya (70 ) P

fa—

O ) (r )FtitE-1

=rn! 3 (—1).f+1( BTy
j n\Vw s

Pt A
= r Mg _i(w). (24

Consequently, for j > i, we have

anfw) = — L (1) T (M) — 2Mx0) + Ms@)HK — -

1
at \I} &,

o«

= =22 (0] 3 M) — 2Mx (@) + M ow) K — )

T K=j+1

el

__ 1 (/;) Z [M gia(w) — 2M glw) + Mg (@)K — (j — 1)y

n! K=j
= ryy g dw)  (=0,1,2,.,n). (25)

Thus, since the constant term o;y(w) vanishes when the index j > 7, we see
for j > # that the arc of C,(¢) on the interval j < f <(j -~ 1 is the same as the
arc of C,(¢) on the interval j — 1 < ¢ <{j except that r — j + 1 is replaced
by r — j and the coefficients are multiplied by r, . It follows that each C, (¢}
behaves in the manner previously observed for C(¢) itself in the cubic case
except that there are i - 1 arcs instead of two arcs.

Let us give P,(z, ¢) the representation

Pz, 1) = 2(b_gzt + b_pyz®=> - -+ bz + o - by).

o
W]
[

Puty
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Consider the spline
B,(t)= 3 bC@—1. @27
I=—n

If j > 27, then on the interval j <{ ¢ <{j 4 1 we have

i i n

B)= 3 b} Y )t~

=7 w=1 s=1

b,

7

E)7 Y a@)t —)°

s=1

I
T
iMHi

4

n

13 ) —i|] 3 biey]

s=1 i=—f

l
iMxl

n

Z 0‘J’s(‘u)(l‘ -J)sg Pn(rw ’ 1)

s=1

% o

—0, 28

Thus, the spline B,(¢) vanishes identically outside a region consisting of
27 intervals on each side of £ = 0.

In fact, aside from a constant factor the splines B,(¢) are included among
the splines with compact support considered by Schoenberg [4, 5]. Thus,
the support of the splines is actually smaller than the preceding argument
indicates. This is easily seen from the analysis contained in [4] and [6].

We close this paper with an example: we construct the cubic cardinal
spline C(¢) using our formulas and verify that the resulting equations are,
indeed, in agreement with Eq. (8).

In the cubic case we have # = 1 so that M, and M, are the only M; that
need be calculated. Let r, be denoted by A. Then from (2)

1 . 2 ALE1+0]
My =31 3. (~1" (; +j)173’(_>\,—13'
But
Pyz, 1) = z(z% + 4z + 1),
so that

P(z, 1) = (22 +4z + 1) 4 z2z + 4).
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frd
A1

Consequently,
P/, D=2 —1,
since A2 -+ 4A + 1 = 0. Thus,

My = 5o [ — 204 2]
29)
12A
TA+1
Similarly,
M. — Z (— 1)71—1( 2 )X»H

. )\ 1,# ) 1+

— 4 AT
}\ [)\ 202 + A

-1 .

= —;\—_‘_‘1‘—‘“ . i38}

On the interval 0 << ¢t << 1 we have

. 1 13 &
Ct) = 57 My~ My ° + 5 Mozz 3_(1)K21K(MK+1—2MK Mgt —1
1 22,
*6( A—-0- 1)>\+1t+)\+1
+ 16M; - 32M, + 1t + 1
— (A—3)A 3 6A 2 __ 1 ! 21 ... ;
= St ! [§M0+M1(1—;—/\+A—;- )];Ti
) N U U 1
= Tttt QT A= DIy M L
Consequently,

CH=0CA+2)3 =3+ D241, (3D
if we take into account the relation

A+4r41=0,

640/5/4~7
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Finally, on an interval 0 <j < ¢ <j + 1, we have

) = 5y X 1y () 3 (Mews — 2Me+ Med& ~ -t — jy

K=j+1

= L3 S M — 2Me o MK — R — )

6 K=j+1

+ X 3 Z (M, — 2My + Mg )(K — )t —j)?

K=j+1

1 & .
-z Z (Mg —2Myg + Mg,)( —j)?

6 K=j+1

— L ¥ et ek — )

2 x5
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_ é M, Y % — 204 1) A2t — )3
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= ()\ — 1)yt Z K2Rt — j)

K=0
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— & MO — DV T ARG —
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= — M N Y A= 30— Y KA

K=0 K=0

+30—)) Y K]

K=0
Q=D 1 . 3 e
T T [1—A(’_-’)3_(TTA)_Z(’"’)
32+ 1) .
30D ()

A N, .
LS — 1) N —jp— X - ) Nt — j)* + 3N(t — ).
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Again, since A2 + 4\ -+ 1 = 0, we obtain
C(t) = 3N[A + (¢ —jP® — A + 2t — 7P + (¢ =D} 32

Since Egs. (29) and (30) are identical with Eqs. (8) cur formulas are verified
for the cubic case. For # > 1 no great algebraic simplification takes place,
but our formulas are still quite amenable to numerical computation for
reasonable values of 7.

One useful application of cardinal splines on {—co, <0} is that of obtaining
a basis of splines for a finite interval [a, b]. We can assume without loss in
generality that » — g is an integer since the modifications necessary for an
arbitrary spacing /4 are minor. We now take the translations of C(¢) sc that
each such translation has its non-zero nodal point at one of the nodes in
[a, b]. If this is done, and the resulting splines are restricted to [a, b], then
—neglecting end conditions—we have the desired basis. To satisfy end
conditions we add the restrictions of the translations centered at the 7 nodai
points immediately to the left of # = @ and immediately to the right of

= p. Since all the basis splines are translates of the single spline C(¢} cnly
one spline is really involved. Thus a considerable saving in computer storage
requirements can be made.
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